Exact controllability results for a multilayer plate system are obtained from the method of Carleman estimates. The multilayer plate system is a natural multilayer generalization of a classical three-layer "sandwich plate" system due to Rao and Nakra. The multilayer version involves a number of Lamé systems for plane elasticity coupled with a scalar Kirchhoff plate equation. The plate is assumed to be either clamped or hinged and controls are assumed to be locally distributed in a neighborhood of a portion of the boundary. The Carleman estimates developed for the coupled system are based on some new Carleman estimates for the Kirchhoff plate as well as some known Carleman estimates due to Imanuvilov and Yamamoto for the Lamé system. Mathematics Subject Classification. 93B05, 93C20, 74K20.
Introduction
The classical (three-layer) "sandwich plate" (or sandwich beam) is a model for a plate structure (or beam structure) consisting of two relatively stiff outer layers which "sandwich" a much more compliant central layer. Some of the better-known sandwich beam models to be found in the engineering literature include the models of Mead and Markus [19] , DiTaranto [2] , Rao and Nakra [20] ; also see Sun and Lu [23] for history and comparisons of the models.
In Hansen [3] several multilayer generalizations of the classical sandwich plate models consisting of alternating "stiff" and "compliant" layers are derived. These models fall into two general types. In the case that all the kinetic energy (in-plane, transverse and rotational) is accounted for in the stiff layers, a generalization of the Rao-Nakra model is obtained. In the case that only transverse kinetic energy is accounted for, a simpler model (see also [4] ) is obtained which can be viewed as a generalization of the Mead-Markus model.
In this article we prove exact controllability with locally distributed controls (in a region to be specified, sufficiently large) for the system (2.12), referred to as the "thin compliant layer Rao-Nakra model with shear damping" in [3] . In the special case of only three plate layers the model under consideration is the following: Various boundary conditions may be specified on Γ = ∂Ω. Here, we consider two types of boundary conditions: clamped and hinged. In the case of clamped boundary conditions, one has
where ∂ n is the derivative operator in the outward normal direction along Γ, n is the outward unit normal. In the case of hinged boundary conditions, one has 2 } which are supported on a set ω ⊂ Ω that may be arbitrarily small in measure, but satisfies certain geometric conditions related to the existence of an appropriate pseudoconvex function.
Actually, we prove this exact controllability result for the more general multilayer system (2.12)-(2.14). (See Thms. 3.1 and 3.2.) For simplicity, the model we consider is described for the case of constant coefficients, however, all our estimates used in this paper allow for smoothly varying (in time and space) coefficients. Precise statements of the main results are given in Sections 3 and 4.
Concerning previous controllability results for layered beam and plate systems, the moment method was used in [5, 22] to obtain exact controllability results for three-layer Mead-Markus beam and the multilayer Rao-Nakra beam, respectively. In [21] exact controllability of a three-layer Rao-Nakra beam was proved using the multiplier method. To our knowledge, the results of this paper are the first exact controllability result for a layered plate system.
On the other hand, there is an extensive literature on the topic of exact controllability of the classical (single-layer) plate systems, where classical multipliers are applied. As our system (1.1) resembles the Reissner plate system, we mention in particular the work of Lagnese [13] , Lagnese and Lions [14] , where boundary stabilization and exact boundary controllability results for the Reissner plate are obtained. For the Kirchhoff plate we mention [12, 14, 15] .
Our method is based upon application of Carleman estimates. The system (1.1) (and also the more general system (2.12)) consists of a Kirchhoff plate (the first equation in (1.1)) coupled with a number of (dynamic) Lamé systems for planar elasticity (the second and third equations in (1.1)). As the coupling between the subsystems is of low enough order as to not present a serious difficulty, the main technical issues we must overcome are (i) observability/Carleman estimates for Lamé systems, (ii) observability/Carleman estimates for the Kirchhoff plate.
While there is an extensive literature on application of Carleman estimates to controllability problems for scalar-valued partial differential equations (see e.g. [24] ), much less is known for systems of partial differential equations coupled through principal terms, as is the case in Lamé systems. Carleman estimates for the Lamé systems are obtained with the use of recently derived Carleman estimates due to Imanuvilov and Yamamoto [9] [10] [11] . (See Lems. 4.2 and 4.3.)
Up to principal terms, the first equation in (1.1) is a Kirchhoff plate:
where w satisfies the boundary conditions in (1.2) or (1.3). This PDE has double characteristics and this prevents standard application of Carleman estimates due a loss of one order of the power of the large parameter (s in our paper). Much of the effort of this paper is directed overcoming this difficulty through a careful analysis of the factorization of the principal symbols associated with (1.4). Our Carleman estimates for (1.4) are given in Lemmas 4.5 and 4.8. As a consequence we also obtain controllability results for a Kirchhoff plate which are stated in Corollary 3.1.
A difficulty of dealing with equation (1.4) might be easily observed from the following fact. The principal part of equation (1.4) can be obtained from the hyperbolic analog of the (nonlocal) Stokes system
This paper is organized as follows. In Section 2 we describe in detail the multilayer sandwich plate system and provide some well-posedness results and a-priori estimates. In Section 3 we state the main controllability results. Section 4 contains the proof of the main results and associated observability estimates. An appendix is included to provide detailed proof to several technical results.
Multilayer sandwich plate model

Mathematical notations
Throughout the paper we assume the following notations: Ω denotes a bounded domain in the plane with the boundary Γ = ∂Ω of regularity C 3 ; ∂ n denotes the derivative in the direction of n, the outward unit normal to Ω and ∂ 2 n denotes the second normal derivative. Likewise ∂ tan is the derivative in the tangential direction along Γ.
We use the rectangular coordinates x = {x 1 , x 2 } to denote points in Ω and x 0 denotes the time coordinate; 
Model description
The model under consideration is referred to as the "thin compliant layer Rao-Nakra model" in [3] . For the purpose of defining physical constants and expressions for energy, we give a summary of the derivation of the equations of motion. See [3] for a detailed derivation.
The multilayer sandwich plate is assumed to consist of N = 2M + 1 layers of alternating "stiff" and "compliant" plate layers that occupy the three-dimensional region Ω × (0, h) at equilibrium. The layers are indexed from 1 to N , consecutively, with odd index k ∈ O N = {1, 3, . . . , N } for stiff layers and even index k ∈ E N = {2, 4, . . . , 2M} for compliant layers.
As is typical in plate theories, it is assumed that the transverse displacement is independent of x 3 , the transverse independent variable. Thus we may use the scalar w(x 0 , x ) to denote the transverse displacement at the point x ∈ Ω. We let
. . , N denote the in-plane displacements along the mid-plane of the ith layer.
It is assumed in that each layer has a uniform thickness and all the layers are bonded to one another so that no slip occurs. The Kirchhoff hypothesis applies to the stiff layers (i.e., normal sections remain normal during deformation) while the compliant layers allow shear. In either case the in-plane displacements are assumed to vary linearly as a function of the transverse coordinate, with no extension or contraction in the transverse direction. It follows that any displacement is completely determined by specification of the state variables w and v i , i ∈ O N . If θ and ξ are r × k matrix-valued functions defined onΩ, by θ(x ) · ξ(x ) we mean the scalar product in
jk denote the stress and strain tensors for the ith layer. It is assumed that each layer is transversely isotropic, with the axis of isotropy normal to the surfaces. Let 
(2.1)
As Kirchhoff assumptions apply to odd layers, for i ∈ O N we have
Viscous damping due to shear is included in the compliant layers:
whereG i is the modulus of transverse shear viscosity. Define the form
Using the previously described displacement assumptions (more precisely (2.1)-(2.4) of [3] ), small strain assumptions for displacements ((2.6) of [3] ) stress-strain relations (2.1), (2.2), and the Rao-Nakra modeling assumption that the in-plane inertia and bending stiffnesses of the even layers are small (negligible) in comparison to those of the surrounding odd layers ((3.9) of [3] ), one obtains the following expressions for the resulting kinetic energy E Ki and potential energy E Pi for the ith layer:
In the above,
where h i > 0 the thickness (assumed constant), ρ i > 0 the volume density, all for the ith layer. For simplicity we assume the layers are homogeneous, henceD i , E i , ν i are assumed constant in each layer. (The shear coefficients G i andG i and densities ρ i can vary spatially.)
The variable s i is the shear of the ith layer which is a linear combination of the state variables {v O , w}, defined in (2.4) below.
Define the following matrices: 
where A = (a ij ), B = (b ij ) are the M × (M + 1) matrices defined by
o t h e r w i s e .
Also define
Collecting the energies one finds that the total potential and kinetic energy may be expressed as
where c(· ; ·) and a(· ; ·) denote the bilinear forms
where s E andŝ E satisfy (2.4), and
Let us assume the plate is clamped on a portion Γ 0 of the boundary Γ and simply-supported on the complementary portion Γ 1 . We also consider the possibility of transverse and in-plane forces distributed on a subdomain ω of Ω.
The conservative equations of motion are easily obtained from the energy using Hamilton's principle. The equations of motion with damping (2.2) can then be included through the correspondence:
In the case Ω is replaced with another set, appropriate adjustments to the above definitions will be assumed.
The energy space is V × H, where
, where s E is defined in terms of v O and w by (2.4) andŝ E is defined in terms ofv O andŵ by the same equation.
The variational formulation of the initial boundary value problem corresponding to (2.6) with clamped boundary conditions on Γ 0 and simply-supported boundary conditions on Γ 1 is the following:
Find y = {v O , w} such that 
Using [3] , standard variational theory (e.g., [1] ) and regularity results of Lasiecka and Triggiani for the Kirchhoff plate [16] ), one can prove the following.
There exists a unique solution to (2.7)-(2.9). Furthermore, there exists
Boundary value problem
Define the Lamé operator with parameter ν by
where n = (n 1 , n 2 ) is the outward unit normal vector to Γ.
The following Green's formula is valid for all sufficiently smoothφ, φ:
Assume thatŵ is a sufficiently smooth function that vanishes along with its gradient on Γ 0 . The equations of motion can be found using the Green's formula (2.11) and integrations by parts of (2.6). One obtains the following: 12) where
14)
Appropriate initial conditions compatible with finite energy solutions are of the form
Since we will need to refer to the literature on two-dimensional Lamé systems, it will be convenient to express the operators L ν and boundary operators B ν in terms of effective 2-dimensional Lamé coefficients λ(E, ν), μ(E, ν). The three-dimensional Young's modulus E and Poisson's ratio ν are related to the effective two-dimensional Young's modulusẼ and Poisson's ratioν by 17) and these are related to the effective 2-dimensional Lamé parameters λ, μ bỹ
Since E > 0 and 0 < ν < 1/2, it follows from (2.17) that 0 <ν < 1/3 andẼ > 0. Henceforth we let
Lamé coefficients for the ith layer. Using (2.17), (2.18), one finds
In terms of two-dimensional Lamé parameters, the boundary operator B ν (D) can also be written as
where n = (n 1 , n 2 ) is the unit normal vector on Γ and
Remark 2.1. The system (2.12) in the case M = 1 becomes the system (1.1) in the introduction. In this case the various matrix quantities involved are
The state variables are w and v O , where
, where L ν is defined in (2.10).
Statement of main results
In this section we describe our main controllability results. For simplicity, we consider the cases of clamped and simply-supported boundary conditions separately. In the clamped case, Γ 1 = ∅ and Γ = Γ 0 and in the simply supported case, Γ 0 = ∅ and Γ = Γ 1 . In either case, we assume the control is locally distributed on the subdomain ω ⊂ Ω.
Controllability problem
The equations (2.12), (2.13), (2.14) with (
where
Clamped boundary conditions are given by
The initial conditions are
Here f 3 and f O are the locally distributed boundary controls over the subdomain ω ⊂ Ω. We consider the following controllability problem for the system (3.
In the case of simply supported boundary conditions, (3.3) is replaced by
Exact controllability results
In order to formulate our results we need to introduce some notation. Let
be a symbol for a second order hyperbolic differential operator with coefficients a ij ∈ C 1 (Q). Also let {p, q} denote the Poisson bracket for symbols p, q:
Definition 3.1. We say that the function ψ ∈ C 2 (Q) is pseudoconvex respect to the symbol p(x, ξ) if for all ξ ∈ R 3 \ {0} the following inequalities hold:
Assumption A. There exists a function ψ(x) for which (i)-(iv) below hold. (i) ψ is pseudoconvex respect to the following symbols
and
11)
that T is sufficiently large and γ is sufficiently small.
Proof. In [7] it is is shown that the function ψ(x) is pseudoconvex respect to the symbols
Sincex is taken outside of Ω the gradient of ψ is not equal zero on Q. From the choice of ψ the inequalities (3.13) follows immediately. And (3.9) follows from the fact that {x ∈ ∂Ω : ( n, x −x) R 2 ≤ 0} ⊂ ∂ω. In order to have (3.12) we take T such that
Moreover taking γ = , T = and hence (3.10) and (3.11) are valid for sufficiently small. This completes the proof.
Our main controllability result for case of clamped boundary conditions is the following:
Suppose that there exists a function ψ which satisfies Assumption
For the case of simply supported boundary conditions our main controllability result is the following:
. Both theorems follow from Hilbert's Uniqueness method (Lions [18] ) using observability estimates that we derive in the next section.
As a consequence of Theorems 3.1 and 3.2, analogous controllability results can be stated for the Lamé systems and the Kirchhoff plate. For the case of the Kirchhoff plate equation (1.4), with the initial conditions
we have the following controllability results.
Corollary 3.1. Assume that T and ω ⊂ Ω satisfy Assumption A. (That is, there exists a function ψ(x) which is pseudoconvex with respect to the symbol
with clamped boundary conditions (1.2) and initial conditions (3.14) satisfies
, such that the solution w to the problem (1.4) with hinged boundary conditions (1.3) and initial conditions (3.14) satisfies
Proof of main results
Before starting the proof we mention some known results on Carleman estimates for the hyperbolic equations and the Lamé system.
Some known Carleman estimates
denote the wave operator and consider the following wave equation
For a given pseudoconvex function ψ(x) it will be convenient to introduce the function
where τ is a large positive parameter. 
where ∂ tan is the tangential derivative on Γ.
Next we consider the two-dimensional Lamé system 
is the Lamé operator defined in (2.10). Here however, we only shall need to require that ρ(x ), μ(x ), λ(x ) ∈ C 2 (Ω) and satisfy (ii) for all x ∈ (0, T ) × (Γ \ ∂ω) the following hold: 12) where the constant C 2 = C 2 (τ ) > 0 is independent of s.
Lemma 4.3 ([9]
). Assume that ϕ satisfies (4.2) where ψ satisfies Assumption A and (iv) of Assumption A and the Lamé coefficients satisfy (4.7). Let f =f+
to problem (4.5)-(4.6), the following estimate is valid for all s ≥ s 0 (τ ): 13) where the constant C 3 = C 3 (τ ) > 0 is independent of s.
Consider the boundary value problem for the Laplace operator
The lemma below refers to a function ϕ(x) = e τ ψ(x) , where τ is a large parameter and ψ is described in the lemma.
Then solutions to (4.14) satisfy the estimate
where C = C(τ ) > 0 is independent of s.
Proof of main results for clamped boundary conditions
Next we consider the partial differential equation
We introduce the Banach spaces
and X * is the space of the linear continuous functionals on X. Also define where C = C(τ ) > 0 is independent of s.
Proof. First we prove the Carleman estimate (4.19) for solutions of the problem (4.17)-(4.18) in slightly different spaces:
∀s ≥ s 0 (τ ). (4.20)
Here the space (H 1,s (Ω)) * is the space (H 1 (Ω)) * equipped with the norm
By the Riesz representation theorem each f in (H 1 ) * can be represented uniquely as an element of H 1 as follows:
Therefore there exists
the functional given by (4.21) remains continuous on H 1 (Ω). By density of test functions in
Define the following linear functional on H 1 (Ω):
Let v be the solution to the problem
Then, due to e.g., [16] 
be a function such that χ(x 0 ) = 1 for x 0 ≤ 0 and χ(x 0 ) = 0 for x 0 ≥ 1. We set χ 1 
Since there exist subsequences 0,k , 1,k 
. Suppose that we have proved the following estimate: 
Thanks to (4.23)
Applying the Carleman estimate (4.15) to the elliptic operator Δ x ( D) in (4.24) we obtain
Then since (
∀s ≥ s 0 (τ ).
This inequality implies
∀s ≥ s 0 (τ ). 
26). So
∀s ≥ s 0 (τ ). Before we begin the proof of (4.23), it is convenient to define a weight function φ such that φ| Γ = ϕ| Γ and φ(x) < ϕ(x) for all x in a neighborhood of Σ. We construct such a function φ locally near the boundary Γ:
where N > 0 is a large positive parameter andg 1 ∈ C 3 (Ω) satisfies
Now we begin the proof of estimate (4.23). As a first step we prove (4.23) under the assumption supp v ⊂ B δ (x * ). We assume that the point 
We cover the sphere S 2 by small balls B δ1 (ξ 0,ν , ξ 1,ν , s ν ), and let {χ ν } be the partition of unity applied to this covering: 
where T (y 2 ),T (y 2 ) are the operators such that for some κ >δ,
Let us write ξ = (ξ 0 , ξ 1 ) and set
Here √ ± refers to the branch of the complex root with positive or negative imaginary part. When (ξ * 1 , s * ) = 0 explicitly we have
The principal symbols of operators A ± in (4.37) are given by 
where Z is a dual space toZ = {w :
For the initial value problem (4.41) the following a priori estimate holds (see e.g., Prop. 2.3 of [11] ):
Next we consider the following boundary value problem with z 2 = A + (y, D, s)w ν treated as the unknown:
Since operator Q(y, D) is hyperbolic and the pseudoconvexity property is preserved under the change of variables we may apply to the above equations the Carleman estimate for the hyperbolic equations (from Lem. 4.1) to obtain |s| ∂
). Next we consider the case when (ξ * 1 , s * ) = 0. Since (ξ * 0 , ξ * 1 , s * ) = 0 then r Q (γ) = 0 and we can factor the operator Q into the product of two operators and a remainder as
where the principal symbol of the operator Q ± (y, D, s) is
and operators 
(4.48) For the initial value problem (4.47) the following a priori estimate holds: (D y1 , s) we denote the pseudodifferential operators with symbolsχ k (ξ 1 , s) .
s)(Q(y, D)w ν ). Thanks to (4.35), (4.36) this function satisfies the equation
with z 1,k | y2=κ = 0 and hence by (4.46)
Then we have
From (4.52) and (4.49) (again using Prop. 2.3 of [11] ) we obtain w ν H 2,s (G) ).
This inequality and the Carleman estimate established in Proposition 5.1 of [9] for the elliptic equation implies
Finally, using the arguments similar to (4.25)-(4.27) we estimate the time (x 0 ) derivatives of the function w ν :
Increasing the parameter N 0 if it is necessary we obtain
Hence the following estimate is valid ∀s
Consequently estimate (4.23) holds under the assumption that supp v ⊂ B δ (x * ). However, by taking N sufficiently large in the above estimate, we no longer need the assumption supp v ⊂ B δ (x * ) in the estimate (4.19). This follows using the same argument as in Lemma 8.3.1 of [6] .
We now show that (4.20) implies (4.19) . In order to prove this result, we consider the following extremal problem
Remark 4.2. We understand the equalities (4.56)-(4.57) in the weak sense 
57). Moreover this solution satisfies the optimality system
and there exists s 0 > 0 such that the following estimate holds true:
where C 1 is independent of s.
Lemma 4.6 is proved using a standard argument (e.g., [17] ) and is similar to one found in [9] . For the sake of completeness, we include the proof in the Appendix. Now we complete the proof of Lemma 4.5. We plug in (4.58) function v instead of δ. Then we have
Applying (4.64) to this equality the inequality |ab| ≤
The proof of the Lemma 4.5 is finished.
Next we consider the system which is formally adjoint to the system (3.1)-(3.5). Let G * E = G E −G E ∂ x0 then the adjoint system can be written
We need the following standard result on solvability of the system (4.65)-(4.67) equipped with the following initial conditions 
The proof of this proposition can be easily done by transposition method. Using the Carleman estimates obtained in Lemmata 4.3 and 4.5 we arrive to the following inequality:
). Using the new notation one can rewrite (4.66) as
Next we denote
). Using this notation we rewrite (4.65) as 
Applying to (4.73) Carleman estimate (4.19) we obtain for s ≥ s 0 (τ ):
Combining this with the previous estimate gives ∀s ≥ s 0 (τ ): 
We set
Applying Proposition 2.1, obviously we have
Finally by (4.74), (4.76), (4.77) we have
Taking the value of the parameter s sufficiently large by (4.75) from (4.78) we obtain (4.70). The proof of the Lemma is finished.
Proof of Theorem 3.1. This theorem follows from the observability estimate in Lemma 4.7 and the duality between controllability and observability (Hilbert's Uniqueness Method; cf. Lions [18] ). One can alternatively derive the controls as solutions of a limiting extremal problem. We sketch this approach.
Without loss of generality we may assume the initial data v 0 , v 1 , w 0 , w 1 are all zero. Consider the extremal problem
Denote the solution to this problem by (ŵ ε ,v O,ε ,f 3,ε ,f O,ε ,û 3,ε ,û O,ε ) . This solution exists and is unique. We
. Define the space of test functions
By Fermat's theorem,
This implies
Applying to (4.82), (4.83) observability estimate (4.69) we have
If we plug in (4.81) instead of (δ 3 , δ O ), the pair (ŵ,v O ), we have
By (4.86) we have
Using (4.87) and the standard a priori estimates for the system (3.1)-(3.4) we obtain:
By (4.88) we can take a subsequence from (
Passing to the limit in (4.80) we obtain that the element (w, v O , f 3 , f O ) is a solution to our controllability problem. The proof of Theorem 3.1 is finished.
Simply supported boundary conditions
In order to treat the boundary conditions (3.6) we consider the following problem 
Proof. Using the Carleman estimate (4.3) we obtain ∀s ≥ s 0 (τ ) the following where
The estimates (4.92) and (4.93) imply (4.91). The proof of the lemma is finished.
For the simply supported boundary conditions, the analog of Lemma 4.7 is the following.
The proof of the Lemma 4.9 is exactly the same as the proof of the Lemma 4.7. The only difference is that instead of the estimate (4.19) we use the estimate (4.91). Likewise, Theorem 3.2 follows as a consequence of Lemma 4.9. and there exists s 0 > 0 such that the following estimate holds: 
Passing to the limit in (5.4) and using (5.13), we obtain that ( z ε , v ε , w ε ) is an admissible element. On the other hand, since the functional J ε is lower semi-continuous with respect to the weak convergence in 
Obviously the function q attains the minimum in R 3 at 0. Thus ∇q(0) = 0. Moreover the equalities ∂ δ1 q(0) = ∂ δ2 q(0) = ∂ δ3 q(0) = ∂ δ4 q(0) = 0 imply
On the other hand, these equalities are equivalent to 25) where the constant C 2 > 0 is independent of h. Therefore We can similarly estimate 
